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The anomalous temperature dependence of NQR frequencies which is often observed in crystals
in which there is reorientational motion of ions or molecules is considered. Two theories of the
phenomena, the jump rotation theory and the pseudo-spin theory, are described, and their successes
and failures are discussed. The importance of considering other properties such as pressure depen-
dence of NQR, heat capacity, and elastic constants is emphasized, and it is shown that neither theory

is entirely satisfactory at present.

Since the earliest days of nuclear quadrupole reso-
nance, it has been recognized that NQR frequencies
depend on temperature, and that in many substances
the temperature dependence follows a common pat-
tern: the slope dv/dT is negative, approaches zero at
the absolute zero of temperature, and becomes approx-
imately constant at high temperatures. The explana-
tion of this behaviour in terms of librational oscilla-
tions of the molecules or ions was proposed by Bayer
in 1951 [1]. Several developments of the theory were
published shortly thereafter [2—5], and this pattern
of temperature dependence became so familiar to
workers in the field of NQR that deviation from it was
not easily understood. However “anomalous” temper-
ature dependence has been shown to be relatively
common, and the subject has been reviewed in a gen-
eral way several times [6, 7].

The objective of this paper is to review certain cases
of anomalous temperature dependence in which the
anomalies are associated with the rotational motion
of ions or parts of molecules or ions, and to try to
rationalize the present theoretical models for under-
standing the NQR and other phenomena. The paper
is laid out in three sections. First we discuss what
constitutes a normal temperature dependence, and
what should be regarded as anomalous. Second, the
theory of jump reorientation as it has been applied to
NQR is described, together with its successes and lim-
itations. Third, the recently proposed pseudo-spin
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theory of ammonium perrhenate is described, and its
extension to other salts is considered. The review of
the literature has been carried out with these objec-
tives in mind, and is not exhaustive.

The experimental data have been well summarized
in the reviews in references [6] and [7], and in the
papers describing the various theories. Studies on sev-
eral ammonium salts are presently in progress [8]. The
most notable anomalies are very large positive tem-
perature coefficients, associated with positive pressure
coefficients in at least some cases, and with anomalous
thermal expansion and heat capacity.

In assessing any theory which purports to account
for a set of observations, it is important not to take too
narrow a view. Crystals which show anomalies in their
NQR properties usually have other anomalous prop-
erties as well, and it is reasonable to suppose that the
anomalies are related. It is hardly satisfactory to ex-
plain the NQR temperature dependence in terms of
some model which either makes no predictions about
other interesting properties or, worse, is inconsistent
with the observed properties. It is also unsatisfactory
to place too much reliance on a theory which is
specific to one compound only, and fails to account
for the properties of other related compounds. Several
of the compounds which show anomalous tempera-
ture dependences have been studied in great detail,
and it is possible to test various aspects of any theory
against a variety of experimental results. Indeed, it is
important to do so in order that NQR may maintain
its place as one of the useful diagnostic tools of solid
state science.

These statements may seem redundant, and yet the
theories which are currently used to explain anomalous
temperature dependences will be shown to be some-
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what unsatisfactory by these criteria. It is often made
to appear that unusual experimental observations are
understood in terms of some limited theory, but such
a claim may serve only to detract from the interest of
truly anomalous observations by making them seem
normal.

I. Anomalous versus Normal Temperature
Dependence

If we are to recognize an anomalous temperature
dependence, then it is necessary first to describe what
is normal. The simplest description is the “Bayer-
type” temperature dependence, in which d In v/dT is
approximately —1 x 10~* K~ ! over most of the tem-
perature range, gradually becoming more negative as
the temperature increases (i.e. d? In v/dT? is small and
negative), and approaching zero at the lowest temper-
atures. Such behaviour was explained by Bayer [1],
who showed that torsional, or librational, modes of
oscillation of polyatomic molecules or ions in a crystal
would lead to an averaging of the principal compo-
nent of the electric field gradient (EFG) at the nuclear
site according to the formula

q=4qo{1—3 <3}, (1)

where g, is the EFG in the stationary molecule or ion,
and {9?*) is the mean squared angle of displacement.
The temperature dependence of v, which is propor-
tional to g, then reflects the temperature dependence
of <92, which is determined by the (angular) fre-
quency o, of the appropriate librational mode, the
moment of inertia I corresponding to that motion,
and the temperature. From the statistical mechanics
of a harmonic oscillator,

5 h hw,
9 >—2w11coth<2kT>, (2)
These two equations predict that dv/dT is negative
and constant at high temperature, and approaches
zero as the temperature approaches zero. In many
cases, it allows calculation of dv/dT from spectro-
scopic and structural data to a reasonable degree of
accuracy. But while this is a qualitatively correct pic-
ture, the explicit temperature dependence shown is
hardly ever obeyed exactly, because both g, and w,
are affected by thermal expansion and so are functions
of temperature. The EFG contains both local and
inter-molecular contributions, of which the latter are

R. J. C. Brown -

Anomalous Temperature Dependence of NQR Frequencies

sensitive to details of the crystal structure; the libra-
tional mode frequencies are “external” modes which
are determined largely by intermolecular interactions
and are sensitive to the unit cell geometry.

The effect of thermal expansion on w, is, in many
cases, to cause », to decrease as the temperature in-
creases, and a satisfactory account can often be given
by assuming a linear dependence of w, on tempera-
ture, at least over a moderate temperature range [5]:

w, =0?{1—g,(T-T%}. 3)

There is experimental support for this assumption
from Raman spectroscopy, and the method has been
used in many cases to explain the small negative
values of d?v/dT? which are commonly observed.
Curvature of this sort is therefore not to be considered
anomalous.

The variation of g, with the unit cell dimensions can
lead to large contributions to dv/dT through thermal
expansion. The only way to examine these contribu-
tions is through study of the pressure dependence of v, .
The basic theory and experimental techniques were
pioneered by Kushida, Benedek and Bloembergen [4],
and there have been many experimental studies made
since then which have helped to understand anomalous
temperature dependences. The NQR frequency is
taken to be a function of a geometrical variable as well
as the temperature, and the second variable is most
chosen to be the volume. It follows that

ov ov o [ Ov
r)-Gr) 5 (&) e
oT /p oT ), p \OP);

where o is the bulk thermal expansion and f is the
isothermally compressibility. The first term on the
right hand side is usually identified with the Bayer
temperature dependence, on the assumption that if the
volume of the crystal is constant, then g, and w, will
also be constant and the Bayer theory can be relied
upon. It may be noted in passing that application of
pressure affects w, as well as q,, and the separation of
the two effects is not straightforward.

There are limitations to this approach, however,
because the relevant properties of a crystal are usually
dependent on the individual unit cell dimensions (and
perhaps angles) and on the atomic positions within
the unit cell. The situation has been summarized pre-
viously [9] and has not changed since then, because
application of uniaxial stress has not proven to be a
practical technique in NQR. But anisotropy of the
various properties of non-cubic ammonium salts turns
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out to be a central feature of their anomalous be-
haviour, and in a sense NQR must be judged to be
limited in its ability to explore these properties fully.

On the other hand, as long as one is content with
qualitative trends, then (4) allows us to understand a
number of compounds in which dv/dT has unexpected,
even positive, values. For many crystals, «/f has a
value laying in the range 1-3 MPa/K, and hence over
a group of compounds a linear correlation between
(0v/0T)p and (Ov/OP) is expected, and found [10]. This
allows us to classify many positive temperature depen-
dences as “normal”, as long as they can be accounted
for within the framework of (4), with a negative pres-
sure coefficient (Ov/0P) . Cases which cannot be fitted
to this equation are “anomalous”, because they re-
quire an extension to, or modification of, the two-vari-
able theory; in the case of NH,ReO,, the volume of
the crystal is almost entirely irrelevant to the NQR
problem.

II. The Jump Reorientation Theory

In 1979, Negita, N. Nakamura, and Chihara pro-
posed a theory of anomalous temperature depen-
dences in crystalline ammonium salts [11], and since
then there have been several further accounts and
applications of the theory [7, 12—18]; it has recently
been applied outside the field of NQR to provide a
model for a phase transition [19].

In this model, it is assumed that the ammonium ion
spends part of its time localized within a rotational
potential well, perhaps H-bonded to nearest neigh-
bour anions, and for the remainder of the time is in a
state of transition as it rotates from one stable orien-
tation to another. The observed effect of the ammo-
nium ion on a neighbouring quadrupolar nucleus is a
time average of the contributions of the ammonium
ion in these two states of motion to the EFG at the
nuclear site. This is a two-state theory: the ammonium
ion is either localized or else it is rotating. If the am-
monium ion spends an average time t, in a single
orientation in a potential well, and the transition from
one orientation to another takes a time t,, then the
average effect on the NQR frequency is

V. T,+V, 1,

v=vo(T)+ (%)

T +7%;

where v (T) is the NQR frequency in the absence of
the cation, including the Bayer temperature depen-
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dence if appropriate, and v, and v, represent the incre-
ments to the NQR frequency due to the cation in the
stationary and rotating states, respectively. An equiv-
alent form is

T,
v=vo(T)+ v, + 4v L, (5"
T, T

where Av=v,—v, is the change in the NQR frequency
when the ion is in the process of making a rotational
jump from one potential well to another. In most of
the applications so far, 4v has been positive, but there
seems no reason why the theory should be restricted
to positive-slope anomalies. Indeed, in (NH,),Telg in
which there are three NQR lines with anomalous tem-
perature dependences, two of the lines are assigned
negative values of A4v; all three lines can then be fitted
to the model with a single 7, [18].

Jump reorientation of polyatomic ions in crystals is
not by any means a new idea, at least for temperatures
and barrier heights where tunnelling can be neglected.
It is supported by neutron scattering studies [20] and
by somewhat more indirect evidence derived from
spin-rotation relaxation in the NMR of low-barrier
salts [21]. What is special about the theory is the
assumption of a direct observable influence of the am-
monium ion on the NQR frequency in its “transition
state” between stable orientations; if the theory is
valid, it means that NQR is one of the few spectro-
scopic ways of probing the properties of the transition
state. The theory differs from the hypothesis of
“partial scission of H-bonds” due to thermally excited
vibrations and thermal expansion described by
D. Nakamura et al. [6], in which there is no mention
of the effect of reorientation through a transition state.

In fitting the model to NQR, several procedures
have been used. One way is to use NMR relaxation
times to determine the rotational correlation time,
which can be interpreted either as 7, [11], or as (7, +1,)
[15]; the time required for the rotational jump, t,, may
be assumed to be fixed [11], or may be permitted to
vary with temperature [15]. The model is generally
successful in fitting the NQR temperature depen-
dences, at least qualitatively.

The relationship between the jump model and the
thermodynamic properties of the ammonium salts
concerned has never been discussed in detail. The
model is a “two-state” model: the NH ion is either at
rest or rotating. Yoshioka et al. [15] assumed that the
two states were associated with single energy levels so
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that the relative populations of these two states must
be related by a Boltzmann factor:

n,/n, = exp(— AE/RT), (6)

where AE is the energy difference between the two
states. The populations of each of the two levels are
also proportional to the lifetimes of the ion in the two
states:

nt
ot ™
n

These equations suggest that the Boltzmann factor
also governs the lifetimes, from which it follows that at
high temperatures t, cannot be shorter than t,. For
several salts to which the model has been applied, 7, is
approximately 2x107'?s, and 1, is found to be
shorter than this at the high temperature end of the
experiments [7].

This suggests that it is a more satisfactory approach
to assume that each of the two states has an associated
complex of energy levels so that a thermodynamic or
quasi-chemical approach is appropriate:

n,/n, = K(T) = exp(— 4G°/RT), t)

where K (T) is an equilibrium constant and 4G° is a
Gibbs energy difference. In the high temperature limit,
the ratio of populations (and of lifetimes) is equal to
exp(4S°/R) and can exceed unity.

This approach can be extended using ideas taken
from a recent thermodynamical analysis of ammo-
nium salts by Johnson [22, 23] in which the difference
between ammonium salts and the corresponding
rubidium salts is considered. It was shown that for a
wide variety of crystalline salts (NH,),X, the quantity

1

A(X)=— {4; H°[(NH,),X] — 4; H’[Rb,X]} 9
n

for various anions X"~ satisfies the relation

A(X) + E,(X) = 143 kJ/mol (10)

within a few kJ mol~*!, where E,(X) is the barrier to
ammonium ion rotation in the corresponding salt.
This empirical observation is supported by a detailed
Born-Harber cycle analysis and other thermochemi-
cal calculations. Johnson is sufficiently sure of his
correlation that he suggests that in the case of the one
exception to the scheme, namely NH, ReO,, the NBS
thermochemical data are incorrect, and gives esti-
mated corrected values for 4, H° of NH,ReO, and
RbReO,.
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It is concluded that ammonium salts are stabilized
by a contribution to the lattice energy due to the non-
spherical cation, and that this stabilization energy is
measured by E,. Hence, if the ammonium ion were in
a state of free rotation, and as a result behaved as a
spherical ion, then the crystal enthalpy would be
higher by an amount E,. In other words, E, can be
interpreted as a measure of the enthalpy difference
AH° between a hypothetical state of the crystal in
which the NH; ions are rotating freely, and the
actual state of the crystal.

The 4S° between the freely rotating state and the
localized librational state can be estimated from
statistical mechanics. In the freely rotating state,

S,=RIn{8n?e(2n IkT)*?*/a h*}, (11)

and in a state of librational motion with three degrees
of freedom, each degree of freedom contributes:

S,(i) = R{x/(e*—1) — In(1—e ™)}, (12)

where x=hw,/kT for each of the three librational
frequencies. Inserting the appropriate values for the
ammonium ion in NH,ReO,, [=4.74 x 10™*7 kg m?,
=12, and torsional frequencies of 276.2 cm ™! (4,)
and 2659 cm ™' (E,) [24], we find at 300 K

A8° =S8, -3 S,()=167J K 'mol™t  (13)
Hence at 300 K, with AH®=9.0 kJ mol ™! [25], we find
AG°=4.0kJ mol™!, and n,/n, = 0.2. From the figures
given by Chihara et al. based upon NQR data, this
ratio is 2.7 [16], so the agreement is not good; in order
to match this value, a much larger 4S° value,
45 J K~ 'mol ™%, is required in order to bring the con-
dition K=1 at temperature T=A4H?/4S° close to
200 K where the inflection in the NQR data is found.
Yet the estimate of 4S° given in (13) is too high, if
anything, since in transition state theory only one
degree of freedom is considered to be converted from
vibration to unhindered motion.

The thermodynamic model also permits us to calcu-
late the contribution to the heat capacity. For when
the above quasi-chemical equilibrium shifts as a result
of a change in temperature, there is a contribution to
the heat capacity given by

K AH®\?

AC, =R\ ——=5 | 5= -
(K+1) RT

The second factor has a maximum at the temperature

at which K=1. Using the value 45°=16.7JK™!

(14)
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-mol ™1, this predicts a maximum heat capacity con-
tribution of 8 J K~ mol~! at about 540 K. Alterna-
tively, using 45°=45J K™ ' mol~ ', a maximum 4C,
of 60 J K~ !mol ™! is found at 200 K, where the max-
imum is found experimentally. This is somewhat
larger than the observed excess C, value [26], but is of
the right order of magnitude.

We see that if the jump model is to be used, it makes
sense to use a thermodynamic approach, for it allows
correlation with at least the heat capacity; inclusion of
the thermal expansion and its anisotropy is also a
possibility.

The jump model has been criticized in the case of
NH_, ReO,, on the grounds that it is inconsistent with
the measured pressure dependences of both the NQR
frequency and the proton T, [16]. The argument is
that common sense and experimental measurement
show that the ammonium ion rotational motion slows
down under high hydrostatic pressure, and the model
therefore predicts a negative value for (0v/OP);, in
contradiction to one of the most striking properties of
NQR in NH,ReO,. The details of the argument are
to be found in [16].

There has been no attempt to fit the temperature
dependence of vin NH,10, to the jump model. In this
salt, v starts from near zero and rises rapidly, with an
inflection near 200 K [27]; there is no underlying
Bayer-type curve. The proton relaxation measure-
ments show that the NH; ion dynamics are very
similar to those in the perrhenate [28], and so a similar
value of 7, should result. The behaviour of NH,TcO,
is also anomalous [8] and offers an interesting case for
testing any theory because the thermal expansion,
though anomalous, differes markedly from that in the
perrhenate and periodate [29].

Replacement of the ammonium ion by alkyl- and
aryl-substituted Group V cations yields perrhenates
and periodates with a variety of phase transitions and
anomalous temperature dependences, which have
been studied by Burkert and co-workers [30—34]. A
very large negative (0v/0T)p is found in N(CH,),IO,
[30] and in P(CH;),ReO, [32] which are as spectacular
as the positive slopes in the ammonium salts. These
results have not been analysed by any fundamental
model and offer the possibility of determining the
effect of internal motion as well as of the overall rota-
tion of the cation. In some of these cases, 7 is large and
I > 3/2, and there is the possibility of anomalous tem-
perature dependence of the individual transition fre-
quencies through variations in the xx and yy com-
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ponents of the EFG, as well as through the zz com-
ponent.

In hexahydrated hexachlorostannates of divalent
metals, a group of related anomalous temperature de-
pendences is found. The first report was of the Ca salt
[35], and the Mg, Mn, Co, and Ni salts were studied
in protonated and deuterated forms later [36]. Study
of the*>Cl and 'H relaxation times in the Ca salt as a
function of temperature permitted identification of
three distinct modes of motion of the cation, as well as
anion reorientation [14]. Analysis of the NQR tem-
perature dependence using the jump model [14, 16]
identified the 180° flips of the water moleules as the
motion responsible for the anomaly. The other salts
show similar temperature dependences although with
larger frequency shifts, and probably can be fitted
using similar dynamical parameters. It is notable that
the deuteration shift changes sign in the middle of the
temperature range in all three salts for which data is
available.

The salts NH,ClO, and NH,BF, are both of ortho-
rhombic rather than tetragonal structure and show
anomalous temperature dependences [8, 37]. There
has been intense study of the perchlorate by various
techniques because of controversy over the existence
of phase transitions, and the fluoborate presents a
similar problem.

One of the earliest applications of the jump model
was to (NH,),SnCl [13]. In this and several isostruc-
tural salts, (Ov/0T), is negative, but there is an inflec-
tion in the temperature dependence curve at about
120 K, above which (82v/0T), is positive. The effect is
small, but constitutes a real deviation from the normal
pattern. A second explanation of the anomaly has
been given in terms of a highly anharmonic potential
function for the anion librational mode [38]. The
properties of (NH,),PbCl, and (NH,), TeCl, are very
similar except that there is a phase transition [39, 40].

The SnClZ "~ librational mode in (NH,),SnCl is not
observable spectroscopically but can be measured by
inelastic neutron scattering [41]. The results show that
both of the previous explanations of the NQR anomaly
are redundant. It is found that at the Brillouin zone
centre the librational frequency decreases as the tem-
perature is lowered, approximately following the
equation

w; =2n|/a+bT, (15)

where a=4.0 x 102* Hz? and b=2.6 x 102! Hz>K " 1.
The frequency does not reach zero, and there is no
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Fig. 1. Curve A: Simulated temperature dependence resulting from a soft librational mode described by (15), (1) and (2) with
a=4.0x 10?3 Hz? and b set equal to an assumed average over the Brillouin zone, b =2.6 x 1020 Hz* K~ !. Curve B:
Temperature dependence of a “non-soft” mode with h=0 and a=4.4 x 103 Hz?, a value chosen to give (visually) the same

average slope below about 150 K.

phase transition. On the other hand, near the zone
edge, the frequency is independent of temperaure. The
mean square librational amplitude (92 reflects an
average over the whole zone, and so the effective tem-
perature dependence of the librational frequency is
much smaller than is indicated by the above value of
b; if we assume that b =b/10, and calculate {(3*) as
a function of temperature, then the result shown in
Fig. 1 is obtained. While this assumption is only an
approximation, the curve agrees qualitatively with the
NQR temperature dependence. The temperature de-
pendence of the *°Cl T, [13] can presumably be
ascribed to the » > dependence found in the anhar-
monic Raman process [42]. There are features in the
**Cl T, data for (NH,),PbCl; and (NH,),TeCl,
corresponding to the phase transition [39, 40], which
supports this idea. This explanation of the properties
of these salts, based upon experimental observation of

a soft mode, seems preferable to both the jump model
and the simple anharmonic model.

The results on pentachloroethylstannate salts re-
ported recently appear to reflect the internal motion of
the anion in the NQR temperature dependence [43].

In a curious negative example, the temperature de-
pendence of the NQR frequency in pyridinium tetra-
chloroaurate(Ill) is perfectly normal, but the *>Cl T,
below 350 K follows the 'H T, [44, 45], indicating a
relationship between the quadrupolar relaxation and
the reorientation of the cation about its pseudo-Cg
axis. The fluctuating part of the EFG responsible for
the relaxation is estimated as 0.075 times the static
EFG, which corresponds to 2.1 MHz. Use of this
value for 4v in (5') together with estimates of 7, from
NMR [45] and t,=2x107!%s suggests that there
should be an anomalous shift of 220 kHz in the NQR
frequency at 350 K, which is not observed. On the
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other hand, the pyridinium hexahalometallates do
show anomalous temperature dependences [46—438].

To summarize, the jump model is successful in some
cases in describing the anomalous temperature depen-
dence, but it suffers from inconsistencies and diffi-
culties if regarded as an accurate physical model of the
fundamental process affecting NQR frequencies. It
may be a convenient parametrization of the problem,
with a plausible model used as a conceptual support,
but a more sophisticated approach is required in the
long run.

I11. The Pseudo-Spin Model for NH,ReO,

Recently a model for the properties of NH,ReO,
based upon cooperative ordering of the ammonium
ions was proposed [49, 50]. The theory treats the prob-
lem by means of a pseudo-spin formalism and assumes
that there is a coupling between the orientation of the
ammonium ions and the distortion of the unit cell.
Using the mean field approximation, a complete solu-
tion is obtained, and a good account is given of the
NQR temperature dependence, the anisotropic ther-
mal expansion, and the heat capacity; the temperature
dependence of one of the elastic constants is also pre-
dicted. The agreement between theory and experiment
is striking, and further experimental tests are in pro-
gress.

The theory depends upon the fact that in the
scheelite structure the ammonium ion is situated at a
site of S, symmetry surrounded by two sets of four
equidistant oxygen atoms in early tetrahedral coordi-
nation [51]; all oxygen sites are crystallographically
equivalent, but relative to a given ammonium ion the
eight nearby oxygen sites are of two distinct types, and
correspondingly there are two N—O distances. Each
of the eight oxygen atoms adjacent to a given ammo-
nium ion can be classified as “equatorial” and “axial”,
depending on the position of the centre of the corre-
sponding anion relative to the reference ammonium
ion. There are two possible orientations of an ammo-
nium ion, in which the N—H bonds point in the direc-
tion of either the axial or equatorial oxygen atoms.
The axial sites are about 0.1 A closer to the nitrogen
atom than are the equatorial sites (in NH,ReO,), and
it is the axial orientation which is found at low tem-
perature in the deuterated salt [51]. In the pseudo-spin
theory, it is assumed that there is significant occupa-
tion of the (higher energy) equatorial orientation at

Anomalous Temperature Dependence of NQR Frequencies

455

higher temperatures, and that the energy difference
between the two orientations is a function of the unit
cell dimensions.

The pseudo-spin theory does not take any account
of the kinetic energy of the reorientation ammonium
ion and therefore stands in contrast to the theory of
thermal expansion discussed by Smith [52], in which
the quantized rotational levels are assumed to be func-
tions of the unit cell dimensions. The quantum calcu-
lation was not brought to the point of numerical
results in the cases of tetragonal and orthorhombic
crystals.

Further, in the pseudo-spin theory the NQR fre-
quency is assumed to be a function of the unit cell
dimensions alone. Thus the theory is a static theory of
the anomalous temperature dependence, whereas the
jump model is a dynamic theory. In support of this
approach, it may be recalled that it was shown in an
early publication [53] that for scheelite-type perrhen-
ates, a linear correlation between v and the a-param-
eter accounts for variations of v with temperature,
pressure, and the cation in a qualitative way. On the
other hand, it has been shown that v is a very sensitive
function of the atomic position coordinates, especially
the orientation of the anion in the unit cell [54]; these
“internal coordinates” cannot be controlled indepen-
dently.

A pseudo-spin variable ¢ (i) with eigenvalues +1 is
used to represent the two orientations of each NH
ion. The changes in the tetragonal unit cell dimensions
can be represented by the strains ¢;; of elasticity theory.
Since there is no change of symmetry, the strains can
be represented entirely in terms of the following linear
combinations of strains, which are normalized as
spherical harmonics:

800 = Exx + 8yy = 8:- >

£20 = (1/3/6) 2¢.. — £.x—8y,). (16)
The first of these measures the volume change, and
the second the distortion. In NH,ReO,, ¢,, hardly
changes with temperature, while ¢,, changes dramati-
cally, so it is assumed that all the phenomena can be
accounted for using only ¢,,. The energy of an ammo-
nium ion is assumed to be a linear function of ¢,, with
a coefficient V.

For a crystal with N unit cells, each of volume Q, the
Hamiltonian is written (after some manipulations)

Jf:—Z(AO+Vsszo)a:(n)+%NQcosﬁo, (17)
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Fig. 2. The thermal expansion behaviour of some scheelite-structure crystals. The distortion, measured by —é¢,,, is plotted
vertically against the negative volume change, —¢,,. For consistency between compounds, the strains have been calculated
relative to the unit cell dimensions at 25 °C, which results in slightly different numbers from those in [49]; the point at the
origin is common to all four sets of data. In general, temperature is increasing from right to left. Legend: open squares,

NH,ReO,; filled squares, NH,IO,; filled circles, NH,TcO,; squares with points, KReO,.

where 2 4, is the difference in energy between the two
orientations and ¢, is the elastic constant correspond-
ing to the strain &,,. The last terms represent the
elastic strain energy. The summation is over unit cells,
each of which contains two ammonium ions. Mini-
mization of free energy with respect to strain gives the
result e, =2V, {67 )/Qc,; if this is substituted back
into (17), and direct interactions are included as a
parameter J (n—m), there results

H=—3 A,0°(n)

— 31X {Jn—m)+V?/NQc,} 6%(n)o*(m). (18)

nm

This is now in a form to which the mean field approx-
imation can be applied, and the result yields explicit
forms for the strain, the heat capacity and elastic con-

stant as functions of temperature. There are two ad-
justable parameters which can be determined from the
temperature dependence of the strain, namely 4, (the
energy difference between the two orientations at zero
strain), and the effective coupling between ions,

J=V2Qco+ X J(n—m). (19)

These parameters are found to be (in temperature
units) 4,=9.0 K and J'=210 K, respectively. The
NQR temperature dependence is well described by
these parameters, and v is found to be a linear function
of the strain ¢,,. A peak in the heat capacity at 200 K
with a magnitude of about R is predicted; the theory
is a constant stress theory and therefore can be com-
pared directly with the measured C, rather than C, or
C, [26]. The experimental value of the ammonium ion
heat capacity at constant stress is about 7 R [26], but



R. J. C. Brown -

this includes the rotational kinetic energy; further
examination of this discrepancy is required. A soften-
ing of the elastic constant near 200 K is predicted, but
no data are presently available for comparison.

The theory is subject to further experimental test
through measurements of the elastic constants over
the whole temperature range, and by direct examina-
tion of the basic postulate that the equatorial orienta-
tion of the ammonium ion becomes populated at high
temperature. The earlier neutron diffraction data [51]
were not clear on the latter point, although the
question was examined during data refinement. These
studies are in progress. No consideration has been
given to the pressure dependence of v [55, 56], or to the
temperature dependent deuteration shift [57], and the
apparent relationship between these two.

The extension of the theory to salts other than
NH,ReO, is essential if it is to be of general interest,
for the three known ammonium scheelites examined
so far are strikingly similar. Figure 2 shows a graph of
€50 Versus gy, for the three ammonium salts, plus
KReO,, for a range of temperatures. It can be seen
that in the periodate and pertechnetate, ¢,, varies
considerably as well as ¢,,, and so extension of the
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